Recently a new -quantum motivated-theory of gravity has been proposed that modifies the standard Newtonian potential at large distances when spherical symmetry is considered. Accordingly, Newtonian gravity is altered by adding an extra Rindler acceleration term that has to be phenomenologically determined. Here we consider a standard and a powerlaw generalization of the Rindler modified Newtonian potential. The new terms in the gravitational potential are hypothesized to play the role of dark matter in galaxies. Our galactic model includes the mass of the integrated gas, and stars for which we consider three stellar mass functions (Kroupa, diet-Salpeter, and free mass model). We test this idea by fitting rotation curves of seventeen low surface brightness galaxies from The HI Nearby Galaxy Survey (THINGS). We find that the Rindler parameters do not perform a suitable fit to the rotation curves in comparison to standard dark matter profiles (Navarro-Frenk-White and Burkert) and, in addition, the computed parameters of the Rindler gravity show a high spread, posing the model as a nonacceptable alternative to dark matter.
I. INTRODUCTION
The standard model of cosmology needs large amounts of dark matter and dark energy to fit data of several cosmological and astrophysical probes, see e.g. Refs. [1, 2] . However, up to date there is no direct evidence that the energy density of dark matter or dark energy is given by particles, and dark energy is difficult to accommodate within the present understanding of quantum field theory. Therefore, alternatives to both dark matter and dark energy are abundant in the literature, see Ref. [3] for current approaches.
II. MODIFIED GRAVITY AT LARGE DISTANCES
In Grumiller's approach [5] the effective potential of a point mass (M i ), without angular momentum contribution, is:
where x i = | x i | = | r − r i ′ |, r is an arbitrary point, r ′ are the particle coordinates, and a is a universal constant, the Rindler acceleration.
For a smooth matter distribution with spherical symmetry, one has
where ρ(r) is the density profile at radius r. The corresponding rotation velocity yields
where the subindex "N" stands for the Newtonian contribution and the Rindler circular velocity is given by
A similar approach to Eq. (3) was presented in Ref. [22] to fit rotation curves within a conformal gravity theory; see Refs. [23, 24] for further developments of this model. As emphasized in Ref. [5] , the Rindler term constitutes a rough model which casts doubts on the description of rotation curves with such a linear growing of the velocity with the radius. It was therefore suggested to consider some kind of r-dependent term in the acceleration to test a more general Rindler hypothesis. Accordingly, we will assume below a power-law dependence that is a next step in complexity that adds an extra parameter, the exponent n in Eq. (8) below. One may wonder how many extra parameters one might need to fit the data, and whether this represents a better fit than standard dark matter models. For instance, typical dark matter halos, e.g. NFW's [25, 26] or Burkert's [27] profiles, have two free parameters, a scale radius and density parameter. Then, from a phenomenological point of view, having two parameters in a dark matter alternative seems not too demanding, since it has the same number of free parameters to perform the fits. At the end, the best fits of the alternative model should be compared with the ones of the standard dark matter models, as it will be done at the end of the results section below. Let us remark that in standard dark matter profiles one expects some variation of the two free parameters from galaxy to galaxy, but this does not happen in Grumiller's models since the two free parameters are constants in every galaxy; a is fundamental constant of nature and exponent n is also a constant, yet to be determined. Therefore, the challenge to fit is bigger in Grumiller's models, and this is a price paid to modify gravity laws.
The main luminous components in a typical spiral galaxy are gas, stars, and a bulge, which are orbiting around the galactic center, and normally a dark matter halo is assumed to account for the high speed of the rotation curves. In the model used in the present work there exists no dark matter, but instead we use a Rindler term to explain the velocity distribution of stars and gas. Accordingly, the model developed here considers spherical symmetry and physical quantities will be independent of the polar angle. Therefore, the Newtonian contribution from stars (⋆) and gas (G) can be thought as given by a spherized disk. The contribution from stars is then given by the Freeman disk [28, 29] :
where M d is the mass of the disk and r d its radius. Thus, the rotation curve contribution from stars with a standard Newtonian dynamics yields [30] 
where the functions I and K are the modified Bessel functions; more details on the treatment of stars are given in Sec. IV A. On the other hand, the gas contribution (v 2 G ) is computed by integrating its surface brightness as in standard Newtonian lore, as we will explain in Sec. IV B.
Bringing together all contributions to the total (T ) rotation curve and including a generalized Rindler (GR) term,
where Υ ⋆ is the mass-to-light ratio and
The case n = 1 is the original model of modified gravity at large distances [5] , as in Eqs. (2, 3) . The new free parameters of the model of galactic rotation curves are a and n, and they have to be determined by observations, instead of the two free parameters of the standard cold dark matter galactic profile, such as in NFW [25, 26] , or alternative the Burkert [27] , pseudoisothermal, or bound dark matter (BDM) [31] profiles; for a comparison of these profiles see Refs. [32, 33] . To extract information for the Rindler parameters, as an input we will need the total, observational rotation curve v T , the rotation curve of the stellar component v ⋆ , and the gas component v G . Following, we describe the observational data used and the models behind each component.
III. THE THINGS GALACTIC SAMPLE
We make use of the HI data provided by THINGS, which possess high resolution velocity fields of rotation curves that are ideal to test new dark matter profiles [32, 33] or, as it is our present case, to test new gravitational theories. THINGS galaxies have an observing data sample of 34 nearby galaxies containing a large range of luminosities and Hubble types, but we limit our sample to 17 low luminous (early type and dwarf) galaxies with smooth, symmetric and extended to large radii rotation curves and small or no bulge, see Table I . These properties can provide a good estimate to alternative models because their underlying dynamics is believed to be dominated by dark matter -or new alternative approaches-over all other components at all radii. For technical details and systematic effects treatment of the observations of the THINGS sample refer to Refs. [14, 34, 35] . For a complete analysis of its rotation curves, see Refs. [15, 33] .
In addition to the rotation curves extracted from THINGS data and we use the 3.6 µm data from Spitzer Infrared Nearby Galaxies Survey (SINGS) [36] . We follow the analysis of Refs. [15, 37] 
IV. TREATMENT OF GAS AND STARS
Our galactic model includes the two main observable components of a spiral galaxy: thin gaseous disk and a thick stellar disk. In most cases the stellar disk can be well described by a single exponential disk, given by Eq. (5). When necessary, in a small number of galaxies we have considered an additional central component, a bulge, containing a small fraction of the total luminosity of the galaxy, as described by Ref. [15] .
Following, we describe in more detail the treatment for the stellar component in Sec. IV A, as well for the gas component in Sec. IV B.
A. Stellar distribution
To model the stellar disk when the Υ ⋆ is assumed to be constant at all radii, we use the approximation of a radial exponential profile of zero thickness, the Freeman disk [28, 29] , since the disk vertical scale height does not change appreciably with radius and the correction to the velocity is around 5% in most cases [38] . Then, the central surface density is given by Eq. (5), where r d is the scale length of the disk and
is the central surface density with units [M ⊙ pc −2 ]. These two parameters are obtained first by fitting the observed surface brightness profile, extracted from the SINGS images at the 3.6µm band and synthesized by Ref. [15] , to the linear formula µ(R) = µ 0 + 1.0857 r/r d , where µ 0 is the central surface brightness given in observational units (mag arcsec −2 ), and µ 0 and the surface brightness are related by a simple change of units. We get the surface density thanks to the mass-to-light ratio Υ ⋆ , the standard additional free parameter in the mass model, introduced because we generally can only measure the distribution of the light instead of the mass. Stellar disks sometimes show radial color gradients, and it is believed that this provides an indication of stellar population between the inner and outer regions of a galaxy and produce Υ ⋆ gradients between these two regions of the disk [39] . We take the Υ ⋆ as a function of the radius in order to consider the different star's contribution as it depends on the region that we are analyzing.
When we estimate the Rindler parameters (a, n), Υ ⋆ is an important source of uncertainty, because these parameters are degenerate through Eq. (7). However, because stars have a major contribution near the center of the galaxy and the Rindler acceleration should contribute at large distance, we expect that Υ ⋆ does not significantly contribute to the uncertainties of the Rindler parameters. In the results section, we will show this is the case for most of the galaxies.
The Υ ⋆ has been modeled, e.g. in Salpeter [40] , Kroupa [41] , and Bottema [42] , but the precise value for an individual galaxy is not well known and depends on extinction, star formation history, initial mass function (IMF), among others. Some assumptions have to be made respect to Υ ⋆ in order to reduce the number of free parameters in the model. In our case we studied three different Υ ⋆ models: (i) we obtained Υ ⋆ from the galaxy colors as predicted by spectrophotometric models with Kroupa [41] initial mass function (IMF) which is based on stellar population studies in the Milky Way and it yields low disk masses that minimizes the baryonic contribution; (ii) we determine Υ ⋆ through a diet-Salpeter [40] , in which stellar mass population syntheses have proved [43] to maximize the disk mass contribution; and (iii) we assume the standard method in which the stellar Υ ⋆ is a model-independent free parameter. The resulting mass models reproduce well the rotation curves, and the Rindler parameters are derived within a reasonable uncertainty.
In our fittings of Kroupa and diet-Salpeter models we considered radial color gradients, but for the free mass model we consider a Υ ⋆ as an unknown, constant parameter to be determined. In all three models we took into account the bulge, when present, to contribute to the stellar disk.
The contribution of the atomic gas is considered in all three stellar Kroupa, diet-Salpeter, and free mass models, and it is briefly described as follows.
B. Neutral gas distribution
For the gas we assumed an infinitely thin disk in order to compute the corresponding rotation curve. For more technical details we refer to Ref. [15] . We point out that the case of a disk with sufficient central depression in the mass distribution can yield a net force pointing outwards, and this generates an imaginary rotation velocity and therefore a negative v 2
G . An imaginary velocity is just a reflect of the effective force of a test particle caused by a nonspherical mass distribution with a depression mass in the center. We have not included the contribution of the molecular gas since its surface density is only a few percent of that of the stars, therefore its contribution is reflected in a small increase in Υ ⋆ [44] .
V. RESULTS
In order to constrain the Rindler modification of gravity we considered two scenarios. First, we treated the original Rindler model with n = 1 and, second, the power-law dependence Rindler model, as suggested in Ref. [4] , with two free parameters (a, n), as explained in Sec. II. For both cases we considered the Kroupa minimal disk and the diet-Salpeter maximum disk. In the third place, we present the fittings for Rindler models with n = 1 and n = 1 using the Free Υ ⋆ stellar mass function.
We make use of the observed rotation curve, stellar, and gas components as an input for the numerical code, in order to obtain the Rindler parameters. To fit the observational velocity curve with the theoretical model we employ the χ 2 goodness-of-fit test (χ 2 test), that tells us how "close" are the theoretical to the observed values. In general the χ 2 test statistics are of the form
where σ is the standard deviation, and n is the number of observations. One defines the reduced
, in which n is the number of observations and p is the number of fitted parameters.
A. Fitting the standard (n = 1) Rindler model with Kroupa and diet-Salpeter IMF
We considered the original Rindler model with n = 1 and proceed to fit the parameter a for the Kroupa minimal disk and diet-Salpeter maximum disk with a χ 2 test. When we minimize χ 2 we use different methods (differential evolution, Nelder-Mead, and simulated annealing) to guarantee not to be in a local minimum. At the same time, we assume priors on the free parameter in order to have values greater than or equal to zero to obtain physical reasonable values. The results are presented in Table II , where the χ 2 red values are given. Notice that the different stellar mass models do not significantly change the determined value of the Rindler acceleration for most of the galaxies. The uncertainties in the rotation velocity are reflected in the uncertainties in the model parameters but in general these are small. One observes some spread in the values for a (in units of cm/s 2 ), ranging from 0.93
−0.44 for N 2366 to 9.57 +0.06 −0.06 for N 2841 in Kroupa's model, to account for a difference of an order of magnitude, but the uncertainties are small and they do not account for such a difference. In addition to this discrepancy, the fits to some of the galaxies present very high χ 2 red values, that speaks for a poor fitting. In the diet-Salpeter mass model, a varies in a similar fashion, given 0.62 +0.10 −0.10 for N 3031 and 7.79 +0.06 −0.06 for N 284, and again the goodness-of-fit test is not satisfactory for most of the galaxies. By comparing both fits, Kroupa did better in 9 (out of 17) cases and diet-Salpeter in 8. None of the fits with n = 1 had a χ 2 red ≤ 1.
B. Fitting the power-law generalized Rindler model with Kroupa and diet-Salpeter IMF
We now considered a Rindler model with power-law dependence, as suggested in Ref. [4] , with two free parameters (a, n) and we used the same stellar and gas models. The results are shown in Table III . Now, the values of a are given in the units ( m 2 s 2 kpc n ) in consistency with the given n values; one could extract an acceleration parameter here if one defines a r n ≡ a new r (r/r new ) n−1 , but we would only add an extra parameter (r new ) that is completely degenerated with a new .
The results of the fittings show a broader spread in the a values. Again, the different stellar mass models do not significantly change the determined value of the Rindler acceleration or power-law exponent for most of the galaxies. By considering the Kroupa model one has a = 77.96 Figs. 1 and 2 we present the contour plots of the Rindler parameters (a, n) for 1σ and 2σ for both stellar models.
By comparing both Kroupa and diet-Salpeter fits, the former did much better in 14 (out of 17) cases and the later in only 3. However, the goodness-of-fit test does not render acceptable results since some galaxies present very high χ 2 red values, and only three of them have fits with χ 2 red < 1 (3) and (6) we present the power-law value of r n .
C. Fitting the standard and power-law generalized Rindler model with the Free Υ ⋆ stellar model
Our results above show that for some galaxies the estimated parameters and/or their associated χ 2 red present large discrepancies when we change the stellar mass model (Kroupa and diet-Salpeter), see e.g. galaxies N 3031 and N 6946 in Table III . Indeed, such results depend on the understanding on the stellar/baryonic physics in galaxies, and there is an extensive research in the field [40] [41] [42] [43] . Because we do not completely comprehend the baryonic physics behind the galaxies we include the stellar "free mass model" in which the parameter Υ ⋆ is let free and get determined as a best fit, together with the Rindler parameters. In the few cases when a bulge was present we treated the bulge mass (M B ) as a free parameter too, as described in Ref. [15] . Again, we started with the standard Rindler exponent (n = 1) and later considered n free. The results are shown in Table  IV . The standard Rindler model yields values for a (in cm/s 2 ) varying from less than 0.1 for N 4736 to 14.80
+0.02
−0.95 for N 3521, a difference of 2 orders of magnitude, and in addition, the χ 2 test does not render satisfactory results for some of the galaxies. Then, we considered the generalized Rindler model to obtain the "acceleration" parameter ranging from < 10 for N 2366 to 19022
for N 4736, accounting for a 3 orders of magnitude difference. On the other hand, the powerlaw exponent varies from < 0.002 for N 3031 to 1.52 +0.009 −0.009 for I 2574, a difference of 2 orders of magnitude. In Fig. 3 we present contour plots of the Rindler parameters (a, n) for 1σ and 2σ for the free mass model. By comparing both fits (n = 1 vs n = 1), one observes that both the χ 2 red and Rindler acceleration values substantially change. The generalized model achieved a better fit than the standard Rindler model for all the galaxies. Now, comparing the best fits of Tables III and IV, i.e., generalized Rindler model with Kroupa vs free mass, the results are better in 14 cases (out of 17) for the free mass model. The price paid is that the free stellar model in the generalized Rindler model has a variation of the exponent (n) of 3 orders of magnitude against a variation of only 2 orders of magnitude in the Kroupa model.
In a very recent work a similar model is considered [21] to fit the same eight (out of our seventeen) galaxies fixing n = 1 and letting Υ ⋆ to be free. The authors fitted the following galaxies: N 2403, N 2841, N 2903, N 3198, N 3521, N 5055, N 7331, and D 154. However, they have not taken into account color gradients nor bulges, as we had, so their conclusions are not expected to be identical to ours. They concluded that six of these galaxies tend fit well to the data and that there is a preferred Rindler acceleration parameter of around a ≈ 3.0 × 10 −9 cm/s 2 ; they later fixed this acceleration parameter and found acceptable fits for five galaxies, and furthermore, an additional free parameter let them fit two more galaxies. When we analyze these galaxies in our results in Table IV we reach similar conclusions on the fits (except for N 3521) and to a convergence to a similar Rindler acceleration within 1σ confidence level. However, when one adds more galaxies to the analysis the spread in the acceleration blows up, as shown in Table IV. Free mass model 
D. Comparison of Rindler models with dark matter profiles
In order to compare the above results with those of standard dark matter profiles we include the fittings of the NFW [25, 26] and Burkert [27] profiles for the Kroupa and diet-Salpeter stellar mass models. The results are shown in Tables V and VI, which were extracted from our previous work [33] , where we employed the same galaxies and the fits were computed with the same technique as in the present work. In general, as found by many authors cored profiles fit better than cuspy profiles to the type of galaxies study here, see e.g. Refs [15-20, 32, 33] . This is evident from the lower χ 2 red values for Burkert's profile in comparison to NFW's for most of the galaxies for both stellar mass models.
To compare among the different models we constructed Table VII with the χ 2 red values for NFW, Burkert, standard Rindler with n = 1, and generalized Rindler n = 1, for both Kroupa and diet-Salpeter stellar mass models. The results are as follows:
• As expected, the Rindler model with two free parameters (a, n) fits better than the model with a single parameter (a, n = 1) for both Kroupa and diet-Salpeter stellar mass models, for all galaxies.
• The standard Rindler model (n = 1) does fit worst than NFW's and Burkert's profiles for the Kroupa mass model, and the same trend is observed for the diet-Salpeter stellar model. In this later case, the standard Rindler model fits better than NFW and Burkert only for one galaxy (N 3521), and it fits better than Burkert for one galaxy (N 3621), and it fits equally as well as NFW for two galaxies (N 6946 and N 7331).
• Considering the generalized Rindler model (n = 1) for the Kroupa stellar mass model the fits are better than the standard Rindler model, since one now has 2 degrees of freedom. This model fits better than both NFW and Burkert models for four galaxies (N 2841, N 2976, N 3521, and N 3621) and, in addition, it does fit better than NFW for four galaxies (IC2574, N 5055, N 7331, and N 925) and better than Burkert for one galaxy (N 7793) and it fits equally well as one galaxy (N 3031). In all other cases, however, 20 of the 34 possibilities, NFW and Burkert profiles for the Kroupa stellar mass model fit better than the generalized Rindler model: The NFW profile fits better for 9 galaxies (out of 17) than the generalized Rindler model and Burkert's profile achieves a better fit for 11 galaxies (out of 17).
• The generalized Rindler model (n = 1) for the diet-Salpeter stellar mass model results are slightly better than the Kroupa's model: The model fits better than both NFW and Burkert models for five galaxies (N 3031, N 3521, N 3621, N 6946, and N 925) and, in addition, it fits better than NFW for three galaxies (IC2574, N 5055, and N 7331), but it does not fit better for any other galaxy with Burkert's profile. Taking into account all the other cases, however, 21 of the 34 possibilities, NFW and Burkert profiles for the diet-Salpeter stellar mass model fit better than the generalized Rindler model: The NFW profile fits better for 9 galaxies (out of 17) and Burkert profile achieves a better fit for 12 galaxies (out of 17) than the generalized Rindler model.
For completeness, in Fig. (4) we show rotation curves of three galaxies (N 2841, N 3621, and N 6946) as examples of typical fits for the standard (n = 1) Rindler model and its comparison with NFW and Burkert profiles. For some of the galaxies (e.g. N 2841), the rotation curve linear term, given by Eq. 4, overestimates the external rotational curve given rise to bad fits, a point that was warned in Ref. [4] and also discussed in Ref. [21] . On the contrary, it is argued, e.g. in Ref. [20] , that rotation curves tend to slowly decrease after a few optical radius.
As we showed in Refs. [32, 33] , the BDM profile fits even better than or at least equally as well as Burkert's and NFW's for the same galaxies considered here, but in order to avoid multiple comparisons that may be cumbersome, we have not included the BDM profile results here that are extensively discussed elsewhere [33] . By considering alternatives to dark matter profiles one would desire to accomplish a better phenomenology, as the BDM model does, but the Rindler modified gravity does not.
VI. CONCLUSIONS AND FINAL REMARKS
We have tested the idea that a modification of the Newtonian potential stemming from a Rindler acceleration that modifies gravity, as proposed by Ref. [4] , would account for the dark matter content in spiral galaxies. The theory yields an effective new term in the theoretical rotation curve of the form v 2 T (r) = Υ ⋆ v 2 ⋆ + v 2 G + a| r| n , where the last term would replace the contribution of the dark matter profile.
We have made use of the HI data provided by THINGS [14] , which possess high resolution velocity fields of rotation curves that are ideal to test new dark matter profiles [32, 33] or, as in the present work, new gravity models. We have considered the gas component that is computed by integrating its surface brightness as in the standard Newtonian theory, three stellar mass models (Kroupa, dietSalpeter, and free mass), and the standard Rindler model (n = 1) and a generalized power-law (n free). We have considered three stellar mass models since the galactic dynamics is encoded in the baryonic physics, and this is somewhat unknown. Therefore, the parameter determination of the modified gravity depends on the the understanding of the stellar/baryonic physics in galaxies, and to reach conclusions one has to be cautious, through finding best fits and looking for convergence of parameters' values.
The results of the fits are shown in Tables II, III , and IV for three stellar mass models for both Rindler models, n = 1 and n free. We showed, in Sec. V A, that the fits for n = 1 are poor, since most of the χ 2 red are bigger than unity. However, the most important problem is the Rindler acceleration parameter does not converge to a single value. The computed parameter is in the interval 0.93 small and they could not account for such a big spread in the intervals of a.
When the power-law parameter n is set free, see Sec. V B and Table III , the fits become better, and by comparing them Kroupa's did much better in 14 (out of 17) cases than diet-Salpeter's. However, the goodness-of-fit test does not render acceptable results since some galaxies present very high χ 2 red values. Moreover, they again suffer from a broad spread in the determination of the Rindler parameter values, as shown in the contour plots of When the mass-to-light ratio is set free, see Sec. V C and Table IV, the fits are better than previous models when n is a free parameter, but again the spread in parameters is high: 10 ∼ a < 19022 +153 −154 , accounting for a 3 orders of magnitude difference and 0.002 ∼ n < 1.52 +0.009 −0.009 , a difference of 2 orders of magnitude, see also Fig. 3 . A very recent work [21] considers the same problem and using the same eight (of our seventeen) galaxies for the standard Rindler model (n = 1), concluding that for six galaxies their results tend to converge to a single Rindler acceleration parameter. In our case, we observe this evidence too but when one takes into account more galaxies or other stellar galactic models their conclusions do not hold.
Finally, we have compared our previous results with two standard dark matter profiles, one cuspy (NFW) and one cored (Burkert), see Tables V, VI , and VII. The goodness-of-fit test favors first Burkert and then NFW profiles over Rindler's modify gravity. The tendency is clearer for the standard Rindler (n = 1) that fits worse than both NFW's and Burkert's profiles for the Kroupa and diet-Salpeter stellar mass models. The generalized Rindler model (n = 1) for the diet-Salpeter stellar mass model results are slightly better than the Kroupa's model, but still the NFW profile fits better for 9 galaxies (out of 17) and Burkert profile achieves a better fit for 12 galaxies (out of 17) than the generalized Rindler model. The overall conclusion is that although the Rindler modified gravity fits are achievable for the considered galaxies, in many cases they show high χ 2 red values, and a high spread in the Rindler parameters (a, n) that points for an inconsistent model. Furthermore, the standard dark matter profiles (NFW and Burkert) or the alternative BDM model do a better job to fittings of the rotation curves.
FIG. 1:
2D likelihood contours between the a and n, corresponding to 1σ and 2σ, for the Kroupa IMF model.
FIG. 2:
2D likelihood contours between the a and n, corresponding to 1σ and 2σ, for the diet-Salpeter IMF model.
FIG. 3:
2D likelihood contours between the a and n, corresponding to 1σ and 2σ, for the free mass model. We explicitly plot the contribution of the gas (dotted, black), the Kroupa star model (dashed, black), the red/green plots are the NFW/Burkert DM halo profile and its total contribution (dashed and thick lines, respectively), and finally the blue line is the total rotation curve of the standard (n = 1) Rindler acceleration model.
